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An Isoperimetric Problem with Variable End-Points. 

By Aechibald Shepaed Mebrill. 



Introduction. 

The object of this paper is to give a complete discussion of the necessary 
and sufficient conditions for a maximum (minimum) for a type of problems in 
the Calculus of Variations which are closely related to the usual isoperimetric 
problems, and in which both end-points are allowed to vary along a given fixed 
curve. "We suppose that we have given the fixed curve L and a certain arc E n 




Frc 1. 

joining two points P x and P 2 of L. The problem is to determine the properties 
which the curve E n must have in order that the integral of a given function 
F\x, y, %', y') along L from P 2 to P lt then along E 12 from F x to P 2 shall be a 
maximum (minimum), while the integral of a second function G(x, y, x', y') 
along E n has a prescribed value. Thus the function J to be maximized 
(minimized) is a sum of two integrals: 

J= C F(x,y, x', y') dx + f F(x, y, x', y')dt, 

while the integral 

K = ( G(x, y, x', y')dt 

is to remain fixed in value. 
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A familiar application of this type of problem is the well-known Problem 
of Dido. In this application the area included by the arc P X P 2 of E 12 and the 
arc P 2 Pi of L is to be a maximum, while the arc P X P 2 of E n is to have a pre- 
assigned length. 

For the problem at hand certain conditions of the corresponding isoperi- 
metric problem with fixed end-points must hold, and these are already well 
known,, viz., the Euler, Weierstrass, Legendre and Jaeobi necessary conditions.* 
The transversality condition is also readily obtainable, and has been deduced 
for some special cases of the problem here discussed.! In the present paper 
a new necessary condition, corresponding to the Jaeobi condition in other 
problems in the Calculus of Variations, will be deduced and discussed both for 
the ease of one end-point variable and for the case of both end-points variable. 
In obtaining this we make use of the derivatives of the " extremal integral " 
for any isoperimetrie problem, and Section 2 is given over entirely to the 
computation of these derivatives. Conditions which are sufficient for a maxi- 
mum of J when K is fixed are readily obtained with the help of a theorem 
proved by Hahn. A geometric interpretation of the new condition is given in 
Section 5. Finally in Section 6, as an application of the general theory devel- 
oped, a discussion of the above-mentioned Problem of Dido is given. 

§1. Conditions Deducible from Known Results. 

Consider a fixed curve 

*=«(«), y=y(x) (L) 

not intersecting itself, and two points P 1 (x=x 1 ) and P 2 (x=x 2 ) on L with 
%< * x . Let E 12 be an arc 

x=<p(t), y=4>(t), h<t<t 2 , (E) 

cutting L at Pi(t=ti) and P 2 (t=t 2 ). The function to be maximized or mini- 
mized is then of the form 

J = Cf(x, y, x', y>) d X .+ C h F(<p, ^, $', V)dt, 
tin *^ t % 

while the integral . 

K= \ G{<p,4,,<p',V)dt 

is to remain constant in value. 

For simplicity the following discussion will be restricted to the deter- 
mination of a maximum for J. Consider the totality of arcs whose end-points 

*See Bolza, " Vorlesungen fiber Variationsrechnungj Chapter X. 
f See Bolza, loo. cit., p. 520. 
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lie upon L. In this class there is a suh-class 9ft of arcs which give the integral 
K a fixed value k. The problem is then to find necessary and sufficient 
conditions that a particular arc E 12 of 9ft, intersecting arc L at P 1 (x=x 1 ) and 
P 2 (x=x 2 ), shall give to J a larger value than any other arc of 9ft in a certain 
neighborhood of arc E 12 . 

It is presupposed that the arc L is regular * in a neighborhood of the 
values x 2 <x<x x . The class 9ft is further restricted to contain only regular 
arcs, and in particular the arc E n whose maximizing properties are to be 
investigated is assumed to be of class C'".f It is also assumed that E is not 
an extremal for the integral K. 

The function G is of class C" for all values (x, y, x', y') for which 
(x', y')=f=(0, 0) and (x, y) is in a neighborhood of E 12 , while F is of the same 
class for (x', y')=fz(0, 0) and (x, y) in a neighborhood of those on L 12 -\-E n . 
Both these functions satisfy the usual homogeneity conditions 

F (x, y, kx', ky') =kF(x, y, x', y'), 
G(x, y, kx', ky') =kG(x, y, x', y') 

in these neighborhoods for every k>0. 

The necessary conditions that J (E) be a maximum with respect to all 
curves of 9ft with the same end-points, and keeping K fixed, must be fulfilled. 
Hence we have at once the usual Euler, Weierstrass, Legendre and Jacobi 
conditions referred to above. These may be stated as follows : 

I. Euler Condition. — The curve E must satisfy for a certain constant 
value X the Euler differential equations 

H x —-^- t H x ,=0, H y —-j- t H yl =0, (1) 

where H=F-\-'kG. Such curves will, as usual, be called extremals. 

II. Weierstrass Condition. — The Weierstrass E function 

E{x,y,p,q,x',y'-,'K)=E(x,y,x',y'-,X)—x'E ?cl {x,y,p,q-,7,)—y'H yl {x,y,p,CL;l) 

must be greater than or equal to zero for all (x, y, p, q;x', y'), such that 
(°°i V, Pi 2) belongs to a point of E 12 while (%', y') is different from (0, 0). 

III. Legendre Condition. — Along the arc 2? 12 , H x <ti, where 

TJ H-X<Z< __ S x , y l FLyly' 

1_ y' 2 ~ x'y' ~ x' 2 ' 

* An arc is said to be regular when it is continuous and consists of a finite number of arcs each of 
which has a well-defined and continuously turning tangent. 
f See Bolza, loo. oit., p. 13. 



Mbebill: An Isoperimetric Problem with Variable End-Points. 63 

IV. Finally E n must satisfy the Jacobi Condition for fixed end-points ; 
that is, the extremal arc E n must not contain in its interior either the point 
P[ conjugate to P x , or the point P' 2 conjugate to P 2 . 

In the transversality condition there is a departure from the result 
obtained by Bolza * in a closely related problem. We proceed to its deter- 
mination, however, in an analogous manner. Consider one end-point, say P x , 
fixed. It is possible to set up in the usual way f a one-parameter family of 

variation curves 

x=<p(t,x), y=^(t,x), h<t<t 2 , 

which have the following properties. For x=x 2 , ti<t<t 2 , the family contains 
the arc E 12 . Furthermore, every arc passes through the point P x for t=t 1 , 
and intersects the arc L for t=t 2 , which gives rise to the equations 

<p(t 1 ,x)=x 1 , 4(ti,x)=y 1 , 

$(t 2f x)=x(x), 4>{t 2 ,x)=y{x). 

Finally, along each one of these curves, the integral K has the assigned value k. 
Substituting this family of variation curves in the expression for J we find 



J(x) =f*F(x, y, x', y') dx +£>($, *, *', ^) 



dt. 



Following the procedure of Bolza we have the condition that at the point P 2 , 

F(x, y, x', y')-H x ,(<P, *, ♦', V)x'-H yl (<p, +, $>', V)y'=0, 

and by a similar argument at P 1 we have the following result : 

V. Transversality Condition. — The curve L must cut E n transversally 
at Pi and P 2 , that is, at both these points the condition 

F{x, V, *', y')-HA$, +, *', V)x'-H v ,(<p, *, f, V)y'=0 (2) 

must hold. 

§ 2. Derivatives of the Extremal Integral. 

We suppose now that the arc E 12 satisfies the necessary conditions of the 
preceding section, and further that the Legendre and Jacobi conditions for 
fixed end-points hold in the so-called stronger form. This means that Hi < 
along the arc E X2 , and that P x and P 2 are not conjugate points on E u . As a 
result of the continuity properties of F and G, and the fact that Hi=l=0 along 
E 12 , it is known | that this arc may be imbedded in a family of extremals 

a> = <p(t,a,P,X), y=4>(t,a,(3,V (3) 

* Loo. oit., pp. 519, 520. f Bolza. Joe. cit., pp. 473, 474. J Bolza, loc. cit., pp. 468 ff. 
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(4) 



which contains E 12 for values a , ft , \ , t x < t < t 2 . The functions $, q> t , 4 1 , 4>t 
are of the class C in all their arguments in a neighborhood of these values. 
The constant % is the isoperimetric constant for each extremal. 

Suppose now that M x and M 2 are any two points {x x , y x ) and (x 2 , y 2 ) 
sufficiently near to P x and P 2 » respectively. The equations 

4>(^i» a , P,*)=<>kt $(^2, a, ft 20=02, 
^(^i, a, ft *,)=&, 4-(t 2 , a, ft A,)=2/ 2 , 

have the initial solution 

(a, ft 2,, Tj, t 2 , %, yi,x a , y 2 ) = (a , ft, a, , *i» *2, #io> fto, a; 20 , 2/20), 
where (x 10 , 2/ 10 ) , (%) , 2/20) are now the coordinates of P t , P 2 , respectively. 
Furthermore, since the Jacobi condition in its stronger form is satisfied by the 
arc E 12 , it follows that the functional determinant of the left members for 
a, ft X, Tj , t 2 is different from zero at this initial solution. It reduces in fact, 
after suitable transformations, to the determinant D(t lf t 2 )* formed for E n , 
which vanishes only when P x and P 2 are conjugate. Hence equations (4) have 
unique solutions of the form 

« 0*a, yi,%z, y 2 ), /3(«i, ft, #2, 2/2), M%, ft, «»> 2/2), 
Ti(#i, 2/1, *», 2/2), *i ten ft, #2,2/2), 

reducing to a , ft, A 8 , ^, tf 2 for (%, y lf a? 2 , y 2 ) = (%>, # 10 , a; 20 , g/20), and of 
class C near these values. Substituting from these last functions for a, ft %, 
in equations (5), we have a family of extremals 

x=$(t,x 1 ,y 1 ,x 2 ,y 2 ), y=^(t, x lt y l9 x 2 , y 2 ), (6) 

and two functions, T 1 (a; 1 , y lf x 2 , y 2 ) and ^(a^, y u x 2 , y 2 ) for which the fol- 
lowing conditions are then satisfied : 

$(*1> ®1, ft, &*t ft)=%, 4>(*2, »l,ft,«2, ft)=«2, 

^K, %, ft, # 2 , ft)=ft, 4-(t 2 , a?i, ft, as,, 2/2) =ft, 



(5) 



f 2 G(<p,^,<p',V)dt = k. 



(7) 



By differentiating these we find that the following relations hold at the 
point Ml : <^+*, =1, ^,+^=0, } 



(8) 



* Bolza, loo. cit., p. 478. 
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while at the point M 2 , 



(9) 



In accordance with the notation and nomenclature of Bolza,* we use the 
notation Ts 

I( x i, Vi, x 2, Vt) = f F(<P, 4-, <?>', 4')^> (10) 

and call this expression the extremal integral. We desire to obtain the partial 
derivatives of the function J with respect to its four arguments. In order to 
simplify the results we make use of two important functions £1 and *P, which 
will now be introduced. 

The problem under consideration may be interpreted as a problem in 
space by denning a third coordinate z by the equation 

*=£('» x i> yi> x *,y*) = f #(<?>> ^ $',V)dt, (11) 

where $, 4 1 are of the form given in (6). By differentiation of (H) with 
respect to t and a, where a is an arbitrarily selected one of the elements 
x i > Vi > x 2 > Vi > we obtain 

-Zt+GiV, ^ <?>'> ^) =0, Xa = f\G,1>a+G>+*+G&+G^' a )r-G\ i >v ia . (12) 
If h is denned by the equation 

U=F+X{G— z') =E—"Kz', 
then the equations 

h-^h xl =0, h v -^h yl =0, h z -^h,=0 (13) 

are satisfied along any extremal arc, and might be called the Euler equations 
of the space problem. 

We now set up the function £1 by means of the following equation : 

2a = (III;) ( " <*'<> +2 (l:l:) ( ^> <*• *> 

+ (2t'H -) (f ' V) (r ' ^ + 2 -"(^+^ + ^' + ^'-^)' < 14 ) 
in which the notation is explained by the equation 



A \ 

11 A 12 )( X 1> Hi) ( X 2> Vi) = (^11^1 + ^Vl) X 2 + (4tt«l + AzVl)y2' 

21^22/ 



* Loe. ei*., pp. 308 ff. 



66 Merrill: An Isoperimetric Problem with Variable End-Points. 



Then the equations analogous to those of Jaeobi for other problems in the 
Calculus of Variations are the following : 

fl 4 - ■§, £l e =H x £+H xy y,+H xx Z+H xy ,v,'+G xi i 



dt 



dt 



(H x , x Z+H x , y r ! +H x ,£+ H x>y ,yi' + G x ,ii) =0, 



£l 1l - 1 -a il ,^H yx Z+H yy Y!+H yx ,?+H yy> n'+G y (i 



dt 



-£(H y , x Z+H yly Yi+H y>x ,?+H y .X + G y ,[i)=0, 



d 



£l e — — ,Q r ,== -^^=0, 



dt 

A 
dt 



d 



(15) 



These equations are satisfied by the functions 

(£, >7, Z,(*) = (<l>a,^ a ,Z«>*-a) (16) 

obtained from (5), (6) and (12), where a stands for any one of <c x , y x , x 2 , y z . 
This is proved by substituting the functions (6) in the Euler equations (1) 
and differentiating the resulting identities with respect to a, and by differ- 
entiating (12) for t. 

The expressions for the values of % a at the points M x and M 2 will be 
useful in later simplifications, and will be computed now. The last equation 
of (7) is satisfied by the functions (6), and hence by differentiation we obtain 

f\G x <p a + G y ^ a + G x ,<p' a + G y ,Va)dt + G\H la -G\H la =0, 



that is, from (12), 



Xa(^2 , %l , «/l , »2 , Vi) = —0 | H la , 



(17) 



where it is to be remembered that a is now not one of the constants in (3), but 
one of the variables x 1} y 1} x 2 , y 2 . By direct computation from the expression 
(12) for % a , we obtain 

Xa(^2, %!,&!, %2, */ 2 )=— Q\**l*. (18) 

Since n is a quadratic form in £, q, £, y., £', >?', £', [i', we have the relations 

2(£n,+f*V)=2n, 

where 2 denotes summation over the four elements £, y;, £, (i, and the notation 
£l & , for example, denotes the function obtained by differentiating ft with 
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respect to £, and then replacing £ by £ 2 , 37 by v\ 2 , etc. It follows from the 
second of these that 

1 fP"* flp '/ H 12 * 1 ^" 4 VJ- 3w ^ Vf„ *, &, ^, fi, ^, Si, i4/' 

where ?=S(^,-^ ft )- 

We see, therefore, that the function f is a constant if (% u yi x , % lt /z 2 ) and 
(f 2 , Yj if % 2 > fa) & re both solutions of equations (15). 

We may now proceed to the computation of the derivatives of the 
extremal integral. Let a, /3 represent any two (or possibly both the same one) 
of a?x , 2/1 , a? 2 > V* • By differentiating (10) we obtain 

h = f\F^ a +F^ a +F^ a +F v ,4>' a )dt+F^\\. (19) 

EVom the isoperimetric condition we have 

0=*f T \G x <l> a +G y 4> a + G x ,<p' a +G y ,y a )dt+XG>v a \l 

Then by adding, performing the Lagrangian partial differentiation, applying 
the Euler equation (1), and using the well-known homogeneity relation 

H=x'H x ,+y'H yl , 
we obtain 

l a =EA^ a +^a)+H y ,{^ a +^ a )\l. (20) 

Similarly, 

Ip^HAVvp+to) +H,Wv fi ++fi)\l. (21) 

Differentiating I a with respect to /? we have 

+ (^a + ^a)[^B yl + n ¥ (^ t ^, Jfe, ^)] (22) 

since the values of 4>'T a +<|> and ■v/A? a -|-i// at the end-points are independent of 
#1 > 2/1 j ^2 > 2/a > in every case, as follows from equations (8) and (9). The 
arguments indicated in the derivatives of £1 are substituted for £, vj, £, (i. 
Similarly, we obtain 

Ip a =(^p + ^)\^a-^H x , + £l e (^a, 4>a , % a , K) J 

+ (^t,+^[*. j^+<M*«, *., *., *«)][• (23) 



(24) 
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To verify the computations, we prove the equality of these expressions 
for I al3 and I Pa . By applying the Euler equations (1), and the relations 

H xxl <?>' + H xy , $'=H X , E yx , <p' + H yy , 4>'=H y , 
H xlx ,<j>'+H x , y ,V=0, H y , x ,<l>'+H y , y ,V=0, 
G x ,<p'+G y ,V = G, 

all of which arise from the homogeneity conditions, we obtain the following : 

hf3 = $a&i>(<Pf3, 4,3, %p, W +4'a&T l >($l3, 4/3 , Z/3 , %fi) 

+ T a [H x ^ + E y ^ + G% p ] + (^ a + ^> a )X p H x + (V^a + ^ahMl, 

If3a = $fS&?($a, 4«. %a, K) +4*f3& v '(<pa, 4a, Za , K) 

The notation Cl^, £l vl is explained specifically in equations (15), reference to 
which shows that % p , Za do not actually occur. By the third equation of (15) 
together with (16), (17) and (18) we have 

G tpK 1 1 = Jt A* (<Pa , 4a , Za , K) I f , 

&**h\i=7h&r(1>P> 4/», j&», a*)|i. 
If we make substitutions accordingly in the above expressions for I ap and I fia , 
and form their difference, we have 

hp—ha = ^a^' ($/3 , 4/3 > £/» > ^p) —$(&e (<?>a , 4a , #a > ^a) 
+ 4a*Mtot ^P,ZP> ^)-^A'(^«> 4a, 2a, ^o) 
+^A'(^' 4/3' £/» ^)— JfoHptoai 4a, £a, ^a) 
_ q$ /<?><* > 4a , %a , ^o J $a , 4a , £a , K\ I 2 ^ 
W/3, 4/3, £/3, ^/5> <?>is, 4is, fcjs, ^V U 

But the two sets of arguments in *P satisfy equations (15), and hence the 
function f in the last equation is independent of t. Its values at t= , v 1 and 
t= , v i are the same, and hence it follows that I a p=lp a - 

The desired partial derivatives of the extremal integral may now be com- 
puted very easily. In the expression (20) for I a let a take successively the 
values x x , y x , % z , y 2 . Making use of relations (8) and (9) we obtain 

I x =-H x ,\\ I y =-H y ,\\ I x =+H x ,\\ I y =+H y ,\\ (27) 

Of the second derivatives ten are required, viz., 1 XA , I XlVl , l ym , I XlV2 , I yiX2 , 
I viV2 » *«* , 1+* , I« m , I vm • With the exception of the cases in which the two 
subscripts are the same, the derivatives occur in two different forms, whose 
values, however, are of course the same. The following results are obtained 
most readily from (22) and (23). We employ relations (8) and (9) and the 
Euler equations (1). 
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h lX , = — [E x 'z Xl +£l i , (ft,, , ^ , Z*, 

— [H x T yi +n i ,(<i> yi ,4<y 1 ,Zv 



I vm-— [^in+^V (ft* » ^ » %s/i 
J* 1% = — [Hst^+Q.? (^ , 4^ , Zx* 

I»iv* = ~ - [^ T ^ + % (<&/* » ^ > %y 2 



3/J2/2" 



**«,= + [H.^ + flj, (ft„ , -Jv, , £ 

7 * 2y2 = + [^ w +n € , (^ , 4v 2 , z. 



K)Y= + [H.^+fip (^ , ^ , ^ , a,j j 2 , 
\ 2 )] 1 = + [ff^+iv^, ■+*, ;u> ^)] 2 > 

\ 2 )] 2 , 

\ 2 ) ] 2 = + [H^+fl,,(^ , ^ , &> , K) ] 2 > 

\J] 2 - 



7 «, 2 = + [#,*»+ *V (ft* > ■+» » z, 

The derivatives £l r , 12,,, are given by the formulas 

*M£> »7» f> i") =H y i£+Hy, y n+H y , x £ -\-H y , y ,Yi' + G y> n. 

§ 3. .4 iVew Necessary Condition. 

Suppose now that arc E 12 is an extremal satisfying the strengthened 
Legendre and Jacobi conditions and cut transversally by the arc L at P x and P 2 . 
Form the function 

F(x, y, x', y')dx+I(x(u), y(u), x(v),y(v)), (29) 

V 

where the x(x), y{x) are those defining the arc L given in Section 1. This 
function J{u,v) must be a maximum at (u, v) = (x 1} x 2 ) if arc E 12 is to 
maximize J among arcs with end-points on L which give to integral K the 
value h. The functions a, /?, 31, T lf x 2 i n (5) become functions of « and v when 
#i > 2/i > ^2 > Vi are replaced by *(w), y(u), %{v), y(v), so that the family of 
extremals (3) or (6) has the form 

x=q>(t, u, v), y=^(t, u, v). (30) 

Thus we have the relations 

ft G, «i, */i, x t , y 2 )=$(t, «, v), <b(t, x 1} y lt asg, y 2 )=^(t, u, v), 

r z 1 (x 1 ,y 1 ,x 2 ,y 2 ) ='z 1 (u,v), t 2 (%, y x , as,, y % ) =t,(m, «), h (31) 
^ (a?!, yi,as», # 2 ) =31 (it, v). 
Then by differentiation we obtain 

ft« = ft* 5. + $ yi y u , <?>„ = $ X2 oo v + ft H y v , 

4<u = ^ a?. + 4w^« » ■+. = ■+«, *. + ^ a y. » 

Ti«=^ 1 ««+ T i^«» f 1 ,=T 1( ^,+T^ h y,, }■ (32) 
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It is evident that 

&? (ft. ,i,z»> K) = x vP-n> (ft^ , ^ , Xm, , K) +y&e (ft* » ^ » jk» >K)> 
*Mft., ■&, ;&,, \) =®«*V($«n ■**> Zftt \J +5A(^ii, jk»> V)» 
*V (ft t ■■/'. , jk. i *«.) =«A' (ft 2 , ^ , &, i * J +yA' (ft, » ■*» » x» » \ 2 ) i 
*Mft> ^> %,, K) =«A'(ft a , ^i z % , *„) +#,A I '(ft a > ^i %*» \ 2 )- 



From (29) by differentiating we obtain 

J u (u, v) = F(x, y, x', y'^+I^+I^, 
J v ( u , v)=—F(x, y, x', y')\ 2 +I x x v +I y2 y v , 

Jw(% v)= j- [—F(x, y, x', y')\*] +l x p vv +l yi y w 

+*v( I «Je,+i+t$,) +yv{iy^v+i ym yv) • 

Substituting in these from (28), performing the indicated operations and 
making use of relations (32) and (33), we have the following:* 

Ju («, v) = F (x, y, x', y') —x u H x ,—y u E y , \ \ 
J v (u, v)=—F(x, y, x', y') + x v H x ,+y v H y ,\ 2 , 
J m (v, v) = x m A+y m B+F x {x, y, x', y')x u +F y (x, y, x', y')y u 

— %*&!■>— JfA-i- Hj u x u — H y t u y u | \ 
Jm(u, v) = —x u £l^—yJl^—B % t v x u —B. y t v y u \ \ 
= x v £l^ + y v a^ + H.tJ£, + H y t„y v | 2 , 
Jw(u, v)=—x u A—y vv B—F x {x, y, x', y')x v —F y (x, y, x', y')y v 



where 



(34) 



A=F x ,(x, y, x', y')—H x ,, B=F y ,{x, y, %', y')—H yl , 



(35) 



and the subscript 1 of £' and vf denotes that the arguments of £i e , £l n , are 
ft. > ^ , ft. , ^'u % , \ , while the subscript 2 denotes that the arguments are <£>„ , 
■ft, > ft^ > M > K - 

Since arc E Xi is cut transversally by L, it follows from (2) that when 
(«, v) = (x 1 ,x 2 ), 

Ju(%i, *a) =J v (*i, x 2 ) =0. 



* When the arguments are omitted in F, O, E and their derivatives, they are understood to be 

0, f, <j,', $'. 
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The former of these two equalities may be written in the form 

[F x ,(x, y, x', y')—H x ,]x u + [F y ,(x, y, x', y')—E yl ]y u \ 1 =0, 
or Ax u +By u \ 1 =0, 

where A and B are the functions defined by (35). Then there exists a func- 
tion «! such that at the point P 1 the following relations hold : 



(Vxl + yl) s ' (Vxl + yl) 

By a similar argument we have at the point P 2 the relations 

AI2 m 2Jlv 7?| 2 — m 2 X y (37) 

l_ (Vif+if) 3 ' ' (VlfTIf) 3 ' 

By substitution from (36) and (37) it follows that J uu -, J m , J m have the forms 



J u «(u,v) = '^+R 1 , J m (u,v)=8 1 =—8 2 , J vv (u,v)=—-?—R 2 , 

r l '2 



where 



m 1= (^ 2 +5 2 ) \WQ+ft, n h =(A*+B*) | 2 V* 2 +$, (38) 



R 1 =F x (x, y, x', y')x u +F y (x, y, x', y')y u 

—xJCl i ,—yjD. ril —Hj v Xu—H y t u y u I \ 
R 2 =F x (x, y, x', y')x v + F y (x, y, x', y')y v 

—x v Q. i ,—y v £i 1]l —H x t v x v —H y t v y v | 2 , 

Si=—x u £i i ,—y u £i 7l ,—Hj, 11 x u —E y t v y u \ \ 



(39) 



\ (40) 

#2 = —x v n i ,—y v Q. ri ,—H x t u x v —H i/ t u y v | 2 , J 

and r x and r 2 are the radii of curvature of L at the points P x and P 2 , 
respectively. 

If arc E 12 is to give to the function J(u,v) a maximum value, it is neces- 
sary not only that all preceding conditions be satisfied, but also that the second 
partial derivatives of J(u, v) satisfy the following conditions: 

J m {u,v)<S, J vv {u,v)<0, J uu (u,v)J„(u,v)—Jl v (u,v)>0. 

Thus we have a new condition for the problem, analogous to the Jacobi con- 
dition in other problems in the Calculus of Variations. We may summarize 
our results as follows : 

Assumed that the Euler, Weierstrass, Legendre and Jacobi conditions are 
satisfied for the corresponding problem with fixed end-points — the Legendre 
and Jacobi in the stronger form — and that the arc E n is cut transversally by 
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the fixed curve L, then a further necessary condition that arc E shall furnish 
a maximum for the problem at hand is that 



(a) f+B^O, -f-R 2 <0, 

'1 '2 

(b ) _^_^_^_2yvW 2 >0, 

r x r 2 r x r 2 '- 



(41) 



where the notation is explained by equations (38), (39) and (40). 

§ 4. Sufficient Conditions. 

In the determination of conditions which are sufficient, direct application 
is made of a theorem proved by Hahn. # This theorem holds for the general 
Lagrangian problem, where certain isoperimetric conditions are to be fulfilled 
while the end-points of the comparison arcs are to satisfy any number of pre- 
assigned conditions. In so far as it relates to the problem at hand, this 
theorem may be formulated as follows : 
Let E n be an extremal arc 

x=$(t), y=<l>(t), h<t<t 2 , 

satisfying the Euler, Weierstrass, Legendre and Jacobi conditions,! the last 

three in the stronger forms. Then there exist weak neighborhoods (E n )' Pf 

(E 12 )' a , <7<p, such that every extremal arc E Si in {E l2 )' c furnishes a maximum 

I(E 3i ) for the integral Ta 

1 — f F(x, y, x', y')dt 

with respect to all arcs V 3i in (-E/ 12 )p such that K(V 3i ) =K(E 3i ). 

Let E 3i be an extremal arc joining a point P 3 (x=x 3 ) to a point P i {x=x i ) 
on L and having K(E 3i ) =K(E n ). The extremals E 3i form a two-parameter 
family with parameters x 3 , x i} containing E lz for x 3 =x lf x i =x 2 . If the condi- 
tions given in the theorem of § 3 are changed by the substitution, in the place 
of (41), of the conditions 



(a) ^- Rl <0, -^p-R 2< 0, 
n r x r 2 

r x r 2 r x r 2 



(41') 



* See Hahn, " Ueber Variations Probleme mit variablen Endpunkten," Monatsheftefur Mathematik 
und Physih, Vol. XXII (1911), p. 127. 

f These are conditions I, II', III', IV of Bol7a, loo. cit., p. 514 with the proper changes for the 
determination of a maximum instead of a minimum. 
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we have a set of conditions which are sufficient to insure that E n furnishes a 
maximum among the curves E Si ; i.e., that 

J(E n )>J(E 8i ), E 3i $E n . 

Now if t<<t is sufficiently small, every arc V 3i with K(V u )=K(E n ) in 
(E 12 )' T determines an extremal E 3i in (E 12 )' a of the Hahn theorem with 
K (E u )=K{V u )=K{E n ), and so near E 12 that 

J(E 3i )<J(E 12 ), 

according to the preceding paragraph. If then E 12 satisfies in addition to the 
above conditions the Weierstrass condition in the stronger form, the hypothesis 
of the Hahn theorem is satisfied and consequently we have 

J(V 3i )<J(E Si ). 
Hence it follows that 

J(V 3i )<J(E 12 ) 

for all variation arcs V Si with K(V 3l )=K(E li ) in (E 12 )' T . "We have thus 
proved the theorem: 

If E 12 satisfies the Euler condition, the transversality condition, and (41'), 

together with the stronger forms of the Weierstrass, Legendre and Jacobi 

conditions, then there exists a t such that E 12 furnishes a maximum J{E^) for 

the function 

J = f F(x, y, x', y')dx + f F(x, y, x' , y') • dt 

with respect to all arcs V Si in (E 12 )' T with K(V Si ) =K(E 12 ). 

§ 5. Geometric Interpretations. 

The conditions found in Section 4 may be interpreted geometrically by 
the use of a set of oblique axes in the plane. The coordinates of points in the 
plane referred to this set of axes will be considered as possible values of radii 
of curvature of the curve L at the points P x and P 2 . Critical points are those 
at which the equalities 



/ \ i m i a i m 2 A 

(a) *i +p-=0, r 2 +-jf=0, 

rix tt 2 

(b) rj., | mz2?lfl | miB ^ 1 Wima =0, 

RiR 2 -f- 8\ R%R 2 + S\ R\R 2 -\~ SI 



(42) 



are satisfied, special discussion being required when either r x or r 2 vanishes. 
In any particular case the signs of the various functions are of course 
10 
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determined. We limit this discussion of the general problem to the case for 

which m 1 >0, i?i<0, m 2 <0, B 2 >0, c=R 1 R 2 +Sl<0, 

and will consider that in the given situation, only r x and r 2 may vary. 

We suppose that in the given situation, the extremal arc £/ 12 (see Fig. 3) 
is cut transversally by the fixed curve L at P x and P 2 . Through these two 
points draw lines X[X 2 and X 2 Z 2 parallel to r x and r 2 respectively, and inter- 
secting * at 0. We take these lines as a set of oblique axes, OZj and OX 2 
being the positive directions. The first two equalities of (42) determine two 
straight lines M'M and N'N parallel to the axes. The last equality of (42) is 




Fig. 2 



an hyperbola lying in the first and third quadrants and asymptotic to the two 

c c 

Reference to condition (41) then shows that 

In order that two quantities p : , p 2 , be suitable values for r x and r z for the 
existence of a maximum, it is necessary and sufficient that the point (p x , p 2 ) 
lie in the portion of the plane shaded in Fig. 2. 

§ 6. Application to the Problem of Dido. 

Let L be a given fixed curve. We wish to determine an arc J57 12 with end- 
points P x and P 2 on L and with a given length Tc, such that the area enclosed 

*In case these lines do not intersect, some other set of lines may be used; for instance, line r t and 
the line perpendicular to it through P. 
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by the arc P i P 1 of L and the arc P X P % of E shall be a maximum, P x and P 2 to 
be distinct points. 

The functions F and for this problem are 

F(x, y, x', y')=i(xy'-yx'), G(x, y, x', y') = Vx' 2 +y' 2 . 

Suppose that the equations of the fixed curve L are 

x=x(x), y=y(x), (L) 

and denote by u and v the values of x in the neighborhoods of the values of x x 
and x 2 , which latter values define P x and P 2 , respectively. Let the equation of 
#12 be 

x=q>(t), y=4>(t), h<t<h. (E) 

We have then to maximize the function 

J = -£ f{xy'-yx')dx+l C h W-W)dt, 

while the integral K: t 

K=\ W<p' 2 +V 2 dt 

is to have a preassigned value k. 

Applying the results of §§ 1, 3, 4, we obtain the following conditions for 
the problem: 

I. E 12 is the arc of a circle * 

x=a — X,cos£, y=(3 — /lsin£, #i<£<£ 2 . 

II. E(x,y,p,q,x',y' ;%)=%, , {px '—qy^ ^ 

Vp 2 -{-q 2 \Vp 2 +qWx' 2 +y' 2 +px' + qy'\ = ' 

i. e., a<0 for (x, y, p, q) on E n for every (x', y')=fc(0, 0). Since by condi- 
tion I, % is seen to be the radius of the circular arc E 12 , the value zero is 
necessarily excluded, and we have the stronger condition A<0. 

/L 

III. R x = — ■ < along E 12 . This condition follows directly from 

(V# +t/' 2 ) 3 

condition II, and in fact in the stronger form. 

IV. E n contains no conjugate point to P x or P 2 ; that is, since P x and P 2 
are distinct, t 2 <t 1 -\ 7 27t. 

Now from I, V«?>' 2 +^' 2 =— a. 

Since E and L intersect at P x we have 

^>'\ 1 =Xs'mt 1 , ^'l 1 ^— ^cos^. 

* As to the determination of conditions I-V, cf . also Bolza, loo. cit., pp. 465, 483. 
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Accordingly we have for the transversality condition, 

oi'sin t x — y' cos ^=0 

and a similar result at P 2 . We therefore have the condition 

V. E X2 cuts the curve L orthogonally at both P x and P 2 . 
If now the length of arc is chosen as the parameter x, we have from con- 
dition V the important relations : 

x u (u)= cos^, y u (u)= sin^, 
x v (v)= — cost 2 , y v (v)= — smt 2 . 

Employing these relations and the values of a u , (3 U , a v , (3 V from the Euler 
equations, we obtain from the last three expressions of (34) the following 
expressions for the second partial derivatives : 

«,(«,«)= — — — 7T' J uv(u,v)= fr , J„(u,v) = — — - — w , 
r x u x u x r 2 u x 

where 

D x = 2—2 cos (t 2 — t x ) — (t 2 — t x ) sin (h—t x ) , 

D 2 = — sin (t 2 —t x ) + (t 2 —t x ) cos (t 2 — t x ), 
Ds= (h—ti) — sin (t 2 —t x ) , 
_ 1 _ 1 

r x and r 2 being the radii of curvature of the curve L at P x and P 2 , respectively. 
Conditions (41) are therefore * 

Jl D t 7l D 2 f X D 2 1 f % D,l m >( . 

-ir-D^ ' -T 2 -D x ^°> \rT x -D x \'\rT 2 -D x \-D^- 

It is evident that if the first and third of these conditions are satisfied, the 
second must also hold. 

We may state the result as follows : 

In order that E u and L 2X enclose a maximum area in the Problem of Dido 
stated above, it is necessary that E X2 be a circle-arc 

x=a — hcost, y=(3— X sin t, t x <t<t 2 , 

with%<0 and t 2 <t x -\-27t, cutting L orthogonally at P x and P 2 , and that the 
conditions 

r x D X = V ' \ r x dJ\ r 2 Dj D\ = V 
be fulfilled. 

Applying the results of §4, we have immediately the following: 

* With the first two of these conditions cf . Bolza, loo. eit., p. 538, ex. 29. 



Mebbill: An Isoperimetric Problem with Variable End-Points. 77 



If E 12 is a circle-arc 

x=a — "kco&t, y=(3—hs'mt, h<t<t 2 , 

with Jl<0 and t 2 <t 1 +2n, cutting L orthogonally at P r and P 2 , and if in addi- 
tion the conditions 



% D 9 _ / X Z>,\/ * D t \ D\ 



— ^L — ±ll <n 



be fulfilled, then there exists a t such that the area enclosed by arcs L 21 and 
E n is the greatest among the areas enclosed by arcs L^ and V u , for all arcs 
V u in (E 12 )' T and of the same length as E 12 . 




Fig. 3. 



The geometric interpretation of § 5 is of course applicable to the Problem 
of Dido, but for this particular case, the following is a more direct interpre- 
tation. Suppose L and E 12 are as in Fig. 3. P X Q and P 2 Q are tangents to E 12 . 

Also . __. 

£P l0 Q = QOP 2 =o= 1 -^-. 

If we measure r x from P x along P X Q, and r a from P 2 along P 2 Q, positive 
directions being P t to Q and P 2 to Q, then the relation 

£+S)(S+S)-S- 

relates protectively the points of the line P X Q to those of P 2 Q. This pro- 
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jectivity is in fact a perspectivity, the center C of the perspectivity being a 
point on OQ at the distance ~ — ' from 0. 

6) 

Let R x and R 2 be the points on P X Q and P 2 Q determined by P 2 C and P X C, 
respectively. Then the condition 

- A -£<° 

r x D x 
means that r x is not on the segment P X R X . Similarly, the condition 

being fulfilled means that r 2 does not lie on P 2 R 2 . 

Suppose now that a particular value r' x of r x be given, determining the 
point r\ in the figure. Draw r' x C cutting P 2 Q at S. Then the condition 

means that r 2 may not lie on the segment P 2 S. 

It remains to prove the statement made above, that (43) relates per- 
spective^ the points of P X Q to those of P 2 Q. In the figure take OX as the 
positive fl?-axis, being the origin, of a set of perpendicular axes. Then P x is 
the point (|a,|cosu, — | A, | sin a) , while P 2 is (|X|cosa, |A,| sin g>) and C is 

(J — 1 — , 0]. The point on P X Q at the distance r x from P x is 

(| /I | cos o + fi sin o, — | a, | sino + riCosu), 

and the point on P 2 Q at the distance r 2 from P 2 is 

( |A,| cosu + ^sin w, |A,| sinu — r 2 coso). 

The condition that these two latter points be collinear with C is 

, „ , , . I "k | sin o 

\"k\ cos o + r x sin 6) \X\ cos 6)-t-r 2 sino - 



— |Jl| sinco— r cos u |/l| sina— r 2 coso 

1 11 



= 0. 



After expansion and reduction this condition is found to be equivalent to 
relation (43). 

The Univebsity of Chicago. 



